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.  ABSTRACT 

/  'j  ey~ 

In  this  paper,  we  are  concerned  with  4the  plasma  equation, 
1 

4*  ^  a  A,.  fv  4-^9  ^  t . » n  v  n  s  O  4  ^  A  v  a  O  O  Ua  J  aa 
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'  -‘■ty  Codes 
i’.vA/ot 


v(x,t)  =  Av(x,t) 


where  q>2,  t  >  0,  x  e  fl,  ft  being  a  bounded 


smooth  domain  in  with  non-negative  initial  data  a&cL_a  homogeneous  / 


Dirichlet  boundary  condition.  It  is  known  that  there  exists  a  finite 
extinction  time  T*  such  that  the  solution  decays  to  zero  at  T*.  Recently, 
Berryman  and  Holland  investigated  the  stability  of  the  profile  of  the  solution 

r*  f  ft  ’•  c  kc  i  ’  r^.*  j  f 

as  t  f  T*.  However,  they  obtained  their  results  at  the  expense  of  some  very 
strong  regularity  assumptions.^  In  this  paper,  we^ prove^the  same  kind  of 
results  without  those  strong  regularity  assumptions.  By  invoking  both  the 

nonlinear^semi-group*  theory  and  a  standard  regularizing  scheme  for  the 

Hi 

equation,  we  measures^the  rate  of  decay  of  the  solution  and  obtain^estimates  on 

the  time  derivative  as  t  ♦  T*.  As  motivated  by  the  regularity  assumptions, 

both  the  interior  and  boundary  regularities  of  the  solution  are  studied. 

A  ■  StvJLj'* 

Finally,  we  perturb ^the  nonlinearity  of  the  plasma  equation  and  etudy  the  same 

aspects  for  the  perturbed  equation.  _ 
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SIGNIFICANCE  AND  EXPLANATION 


It  is  well  known  that  for  a  certain  class  of  nonlinear  degenerate 
parabolic  equations,  of  which  the  plasma  equation  is  an  important  example, 
there  exists  a  finite  extinction  time  T*  for  certain  boundary  conditions* 

It  is  very  natural  and  interesting  to  investigate  the  shape  of  the  solutions 
of  such  equations  near  extinction.  However,  very  little  work  has  been  done  on 
this  problem,  probably  due  to  the  fact  that  it  is  difficult  to  obtain  sharp 
estimates  for  the  decay  rate  as  t  ♦  T*.  Recently,  Berryman  and  Holland 
have  obtained  results  concerning  the  stability  of  the  profile  of  the  separable 
solution  of  the  equation.  However,  their  work  is  based  on  some  very  strong 
regularity  assumptions  on  the  solution  (see  [12]  for  the  details).  It  is 
therefore  essential  to  weaken  these  assumptions  as  much  as  possible.  Indeed, 
in  this  paper  we  prove  the  same  results  without  involving  these  regularity 
assumptions.  We  also  investigate  the  interior  and  boundary  regularity  of  the 
solution;  we  show  that  the  solution  is  a  positive  classical  solution  on 
(2  x  (0,T*)  and  is  continuous  up  to  the  boundary.  DiBenedetto  in  [7] 
mentioned  that  the  continuity  up  to  the  boundary  for  the  plasma  equation  can 
be  proved  in  a  similar  way  as  in  his  proof  of  the  porous  medium  equation,  the 
virtue  of  the  proof  in  this  paper  is  its  simplicity  and  its  explicitness.  (We 
obtain  an  explicit  estimate  of  the  "Lipschits  rate"  of  decay  of  the  solution 
at  the  boundary).  Of  course,  such  regularity  results  are  not  only  true  for 
the  plasma  equation,  but  they  also  hold  for  the  solutions  of  equations  having 
certain  types  of  nonlinearities. 

Furthermore,  since  our  work  uses  both  the  nonlinear  "semi-group”  theory 
and  the  traditional  notion  of  weak  solution,  we  have  to  establish  that  the 
notion  of  weak  solution  coincides  with  the  unique  semi-group  solution,  and  we 
do  so  by  a  theorem  concerning  the  uniqueness  of  the  weak  solution. 

Finally,  we  show  that  the  same  results  hold  even  when  we  perturb  the 
nonlinearity  of  the  plasma  equation  by  a  sufficiently  small  amount.  (This 
will  be  made  precise  in  Section  IV.) 


The  responsibility  for  the  wording  and  views  expressed  in  this  descriptive 
summary  lies  with  MRC,  and  not  with  the  author  of  this  report. 
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Q  i  A  bounded  doMln  with  smooth  boundary  In  K11* 

3Q  :  The  boundary  of  Q. 

Of  i  The  parabolic  cylinder  ft  *  (0,T). 
n  i  The  outward  normal  at  the  boundary  3Q. 

CQ(ft)  «  The  space  of  all  infinitely  differentiable  functions  with  compact  support  in  ft, 

N^(Q)  for  i  integral i  The  Banach  space  consisting  of  all  elements  of  Lp(ft )  whose 
generalised  derivatives  of  order  up  to  and  including  i  are  in  Lp(ft)  with  the  norm, 

t  v 

lul  ,  -  l  ID  ul  +  lul 

W  (ft)  k-1  X  LP<ft)  IiP(ft) 

P 

V 

D^u  stands  for  the  generalised  derivatives  of  u  of  order  k. 


Lr (0,t|l®(0) )  :  The  Banach  space  consisting  of  all  measurable  functions  on  with 


lul  -  [/  (J  |u(*,t)8dx)r/Bdt]1/r  <  •  . 

l  (o,T|L°(n)>  o  a 

C2' 1 (Q^)  :  The  Banach  space  of  all  continuous  functions  in  QT  having  derivatives  u*, 

u»_,  u*  in  C(Qip)  with  II,.  defined  as  usual. 

^  C2,1(Ct> 

•  1/2  _  — 

H  '  (Qt>  :  The  Banach  space  of  functions  u(x,t)  that  are  continuous  in  0T»  together 

with  all  derivatives  of  the  form  D*D®u  fCr  2r  +  s  <  t  with  r  and  s  integral.  For 
2r  +  s  «  [11  /  D^D*u  are  Holder  continuous  in  x  with  Holder  exponent  1  -  [1]  and  for 

0<l-2r-s<2,  d£d®u  are  Holder  continuous  in  t  with  HSlder  exponent  — - - — • 

The  norm  II,,,,  la  defined  as  in  C26] . 

h*'1/2(Qt) 

„f  ,1/2  (g^,)  .  The  8et  of  functions  belonging  to  h*'*/2(q^j  where  Qf  is  any  proper 
subset  of  Qt.  Finally,  let  X  be  any  Banach  space  with  its  norm  denoted  by  I  <x» 

C(  [0,T] | X )  I  The  Banach  space  of  all  continuous  X-valued  functions  u(t)  with  domain 
[0,T]  and  ‘“'cao.TlIx)  *  0^T  ,U<t,,X‘ 

Lr(0,T|x)  s  The  class  of  X-valued  functions  u(t)  which  are  strongly  measurable  and 

T 

t  ♦  lu( t ) I  e  Lr(0,T)  with  lul  -  (J  lu(t)lx  dt)1/r. 

L  (0,T|X)  0 

ACioc(O.T)  s  The  set  of  all  those  functions  which  are  locally  absolutely  continuous  on 
(0,T) • 


«♦«  an<)  " — >*  denote  respectively  strong  and  weak  convergence  in  Banach  spaces. 


Remark:  The  subscript  loc  on  the  spaces  Lr (0,t|ls(8) )  refers  to  local  integrability . 


ASYMPTOTIC  BEHAVIOUR  OP  THE  PLASMA  EQUATION 


Y.  C.  Kwong 

INTRODUCTION 

Let  fl  be  a  smooth  domain  in  tf*,  bounded  or  unbounded.  The  nonlinear  diffusion 
equation 

(1)  Av(x,t)B  -  vt<x,t),  x  e  fi,  t>0,  m>0 

has  been  studied  by  many  authors.  The  case  where  m  >  1  is  known  as  the  porous  media 

equation.  Regularity  for  the  porous  media  equation  has  been  widely  studied  by  D.  Aronson 

|| 

in  [1,2,3],  Caffarelli  and  Priedman  in  [18,  19]  (here  0*1  and  an  explicit  modulus  of 
continuity  of  the  HSlder  type  has  been  found),  Evans  and  Caffarelli  in  [17],  DlBenedetto  in 
[7]  and  Paul  Sacks  in  [30,  31].  The  asymptotic  behaviour  as  t  ♦  •  as  has  been  studied  by 
several  authors  including  Aronson  and  Peletier  in  [5],  Bertsch  and  Peletier  in  [14]  J.  L. 
Vasques  in  [33].  (In  the  latter  two  cases,  Q  ”  R**). 

In  this  paper  however,  we  are  interested  in  the  case  where  fi  is  a  bounded  smooth 
domain  in  if1  and  0  <  m  <  1,  when  (1)  is  known  as  the  fast  diffusion  equation.  (It  is 
also  called  the  plasma  equation  because  it  arises  in  the  modelling  of  ionised  gases  in 
plasma  physics).  Both  the  regularity  and  the  asymptotic  behaviour  of  the  plasma  equation 
are  leas  well  understood  than  for  the  porous  media  equation.  Regularity  has  been  studied 
by  E.  Sabanina  in  [29]  for  N  -  1.  In  this  paper,  she  proved  the  existence  of  positive 
classical  solutions  of  (1)  satisfying  Dlrichlst  conditions  and  assuming  non-negative 
initial  data.  Por  N  >  1,  Paul  Sacks  in  [30]  and  DlBenedetto  in  [7]  proved  the  existence 
of  a  bounded  continuous  weak  solution.  However  no  explicit  estimate  of  the  modulus  of 
continuity  has  been  found  yet. 

As  far  as  the  asymptotic  behaviour  is  concerned,  the  main  difference  between  the  fast 
diffusion  case  and  the  porous  media  equation  case  (which  is  sometimes  known  as  the  slow 
diffusion  equation)  is  that  for  the  former  case,  there  exists  an  extinction  time  T*,  i.e. 
a  finite  time  T*  such  that  the  solution  dies  down  to  *ero  at  T*.  The  existence  of  T* 


has  bean  studied  by  D.  Diaz  in  [22] ,  E.  Sabanina  in  [29] ,  Crandall  and  Benilan  in  [8] , 
Herrero  and  Vazquez  in  [25] .  A  natural  problem  would  then  be  to  investigate  the  asymptotic 
profile  of  the  solution  as  t  *  T*.  (The  case  where  Q  •  (0,«)  with  positive  constant 
Dirichlet  condition,  the  behaviour  of  the  solution  as  t  ♦  «•  has  been  studied  by  Bertsch 
in  [13]). 

For  the  case  where  8  is  a  bounded  smooth  domain  in  >F,  Berryman  and  Holland  [12], 
using  strong  regularity  assumptions,  have  obtained  some  results  concerning  the  stability  of 
the  profile  of  the  separable  solution  of  the  equation.  By  separable  solution,  we  are 
referring  to  a  solution  of  the  form  S(x)T(t)  where  x  and  t  are  the  space  and  time 
variables  respectively.  In  order  that  the  function  S(x)T(t)  is  a  positive  separable 
solution  of  (2)  in  Ox  (0,T*)  satisfying  the  zero  lateral  boundary  condition  and 


1 


vanishing  at  t 

»  T*,  we  need  T(t)  “ 

[(q  -  2)  (T*  -  t)]q"2  and  S 

to  be  a  solution  of; 

(3) 

AS  -  -<q  -  1)Sq-1,  Sjan  -  0 

,  S  >  0  in  0 

e 

q  >  2  for  N  <  2  or 

2  <  a  <  _2L 
2  <  <  — 

Then  a  positive 

we  note  tnat  it 

^2  tot  w  /  «• 

classical  solution  of  (3)  does  exists  and  lies  in  C2+a(S)  for  some  a  e  (0,1).  (A 
summary  of  the  uniqueness  and  existence  theorems  of  (3)  can  be  found  in  [12]). 
we  now  give  a  listing  of  the  technical  hypothese  and  results  in  [12]. 

To  facilitate  computations,  we  let  m  -  1/(q  -  1)  where  q  >  2.  We  look  at  the 
nonlinear  diffusion  equation. 


(2) 

alternatively. 


1 


0 


v(x,0)  -  vQ(x)  >0,  v0  ^  0  and  v0|afl  »  0 


(2') 


Au  »  (uq  1  )fc,  u  an  -  0 


1 

u(x,0)  -  u  (x)  -  v0(x)q-1 


-2- 


t 


2U 

(i)  If  2  <  q  for  N  >  2  or  2<q<  rr  for  N  >  2,  there  exists  an 

N  -  2 

increasing  sequence  of  tinea  t  ♦  T*  and  a  positive  classical  solution  of  (3)  such  that 
p(*,tn)  ♦  SC)  in  W2<°>  as  ^  ♦  T*. 

(ii)  If  q  >  M  _■  *  >  2,  then  there  is  a  non-negative  weak  solution  s(* )  of  (3) 

and  an  increasing  sequence  of  tinea  tn  ♦  T*  such  that  p(»,tn)  ♦  S(»)  in 

The  ala  of  this  paper  is  to  prove  these  results  without  these  strong  regularity 
assuaqptions.  Also,  motivated  by  these  assumptions ,  the  regularity  of  the  solution 
u(x,t)  is  investigated.  Indeed,  we  will  prove  that  u(x,t)  is  a  positive  classical 


■ 


r 


solution  of  (2')  on  0  x  (0,T*)  if  we  make  reasonable  assumptions  on  the  initial  data 
Uq  and  q  (As  mentioned  earlier,  this  result  has  been  proved  by  K.  Babanina  in  [29] 
for  n  ■  1).  Continuity  up  to  the  boundary  is  also  studied  under  further  assumptions  on 
3Q,  the  boundary  of  Q.  (Continuity  up  to  the  boundary  has  also  bean  studied  by 
DiBenedetto  in  [7].) 

In  [12],  the  Main  Theorem  is  a  natural  consequence  of  three  key  estimates,  we  will 
call  these  estimates  Lemmas  I,  II  and  III  in  this  paper. 

To  obtain  these  estimates,  we  make  use  of  our  knowledge  from  the  semi-group  theory 
concerning,  regularity  properties  of  the  semi-group  solution  of  (2),  continuous  dependence 
theorems  of  the  semi-group  solution,  etc.  To  investigate  the  interior  regularity  of  the 


%<■: 

h 

§ 

3 

V 

£ 


-3- 


-*a1s 
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solution  of  (2),  we  use  the  notion  of  the  bounded  continuous  weak  solution  and  our 


knowledge  about  it. 

To  justify  using  the  notion  of  the  semi-group  solution  and  the  notion  of  weak  solution 
at  the  same  time,  we  use  the  uniqueness  of  weak  solutions  of  (2)  and  (2')  as  a  tool  to  show 
that  in  fact,  these  two  notions  of  solutions  are  equivalent,  (These  two  notions  of 
solutions  and  their  relationships  will  be  made  clear  in  the  preliminaries). 

Finally,  we  perturb  the  nonlinearity  of  the  plasma  equation  and  investigate  the  same 
asymptotic  behaviour. 

We  now  give  an  outline  of  the  paper  as  follows: 

Section  (I):  This  consists  of  preliminaries  which  contain  the  necessary  background 
material  for  this  paper. 

Section  (II):  Here,  using  Evan's  results  about  the  semi-group  solution  of  (2),  we 
prove  the  existence  of  the  extinction  time  T*  and  Lemma  I.  The  existence  of  T*  follows 
as  a  natural  consequence,  (The  existence  of  T*  has  been  proved  by  several  authors  as 
mentioned  before).  We  remark  that  throughout  (II),  (III),  we  will  restrict  our  initial 
data  uq  to  be  in  L*(0),  nonnegative  and  not  identically  zero,  we  will  relax  this 
restriction  starting  in  Section  (IV). 

Section  (III):  In  this  section,  we  look  at  the  regularized  version  of  (21),  that  is  : 


(2\n,e) 


(uf  )t  -  Au®  -  0,  u^|3n  -  e,  e  >  0 

ue(x,0)  »  u"(x)  +  c 
n  u 


where  u«  converges  to  un  in  some  suitable  way  (see  Section  (I)).  We  will  show  that 

1 

ue  converges  in  C((0,T]  |lp(0)),  1  <  p  <  "  to  u«v  ,  v  being  the  semi-group 
n 

solution  of  (2).  (This  will  be  done  in  Section  (IV)).  Using  this  nice  convergence 
property,  we  will  prove  the  other  two  key  estimates.  Lemma  II  and  Lemma  III,  which  will 
then  ultimately  lead  to  the  desired  stability  results. 


margin  ,c. 


^572Sr 


Section  (IV)  j  This  section  is  devoted  completely  to  the  convergence  of  u®  .  By 

proving  a  uniqueness  theorem  of  the  weak  solution  with  uQ  e  L*"(0) .  Thus,  the  weak 

solution  which  is  the  limit  of  ue  as  n  ♦  •,  e  ♦  0,  is  the  seal-group  solution.  Also, 

n 

for  the  stability  results,  we  will  release  the  restriction  of  tT{0)  initial  data  to 
Lq_1 (fl)  initial  data  under  additional  hypothesis  on  the  range  of  q.  Hie  main  machinery 
will  be  the  regularizing  effect  of  the  solution  of  (2). 

Section  (V):  The  Interior  regularity  of  (2')  in  the  parabolic  cylinder  0  *  (0,T*) 
is  examined  using  the  regularization  (2',n  e)  of  (2')«  Hie  continuity  of  u(x,t)  up  to 
the  boundary  of  (1  is  also  examined  under  certain  assumptions  on  90,  the  boundary  of 
0. 

Section  (VI) t  In  this  section,  we  perturb  the  non-linearity  of  the  plasma  equation. 

We  consider  the  more  general  equation! 


(4) 


B'(u)ut  -  Au  ■  0  ujjjj  -  0 


u(0)  -  u0 

where  B(0)  -  0  and  there  exists  M  >  m  >  0,  *aq“2  <  B’(s)  <  MS**-2.  We  will  show  that 
if  O' (a)  ♦  (q-1)s<J“2  as  a  ♦  0  rapidly  enough,  we  can  generalize  the  previous  results 
for  (4).  The  main  machinery  in  this  section  is  the  modulus  of  continuity  of  the  solution 


of  (4). 


8BCTI0H  I.  PRELIMINARIES  AMD  BACKGROUND  MATS RIALS 
(I)  weak  solution! 

Definition!  Suppose  the  initial  data  u„  is  in  L  (0),  let 
I  -  {*  «  ft1'1(0T)|t(x,T)  -  0  a.e.  x  e  0),  an  element  u  of  ^^T*  ia  •  solution 

of  (2')  if  u**-1  e  L2^)  and  it  satisfies! 

Jj  dxdt  -  //  Vu*V<>  dxdt  +  /  uQ(x)q"1*(x,0)dx  »  0 

o  t  q„  n 

“T  T 


for  every  ♦  «  I. 


-5- 


In  [31],  it  has  teen  shown  that  if  Uq  e  L  (0),  uQ  €  CQ(Q)  with 

lu"l  m  <  lu„l  „  ,  satisfies  u"  ♦  u.  in  Lp(fl)  for  every  1  <  p  <  • 

L  (0)  L  (A) 

then  the  standard  regular! rat ions  of  (2*  )i  namely 


as  n  *  «•, 


(2*,n,e) 


(uq_1 )  -  Au6  “  0  ,  u6 


6 

n 


an 


{  u(x,0)  -  u"(x>  +  e 


•  .  £ 

have  C  (Qm)  solutions  u  converge  uniformly  on  compact  subsets  of  Qm  to  a  weak. 

T  n  * 

solution  u  of  (2')  as  n  ♦  •  and  e  ♦  0  simultanously  and  u  lies  in  C(QT)  n  L*(P  ). 
(ID  Semi-group  Solution i 

Definition i  let  f(x)  e  L^A),  we  define  u  e  D(-A)  and  -Au  «  f  if  u  e  w](A) 
and  /  Vu*V,  dx  -  /  ff  dx  V  +  e  wJ(A). 

a  Q 

Let  f (v)  be  any  Maximal  monotone  graph  in  R  x  R  which  contains  the  origin  and 

f  e  L1 (Q) .  Then  v  e  D(-A^)  and  -A*(v)  3  f  if  v  e  L1 (0)  and  there  is  a  u  «  D(-A) 

such  that  +(v(x))  3  u(x)  a.e.  x  e  Q  and  f  -  -Au. 

From  the  paper  by  Bresis  and  Strauss  [16] ,  we  know  that  -A+  is  an  w-accretive 

operator  In  L1(&).  Then  by  the  Crandall- Liggett  Convergence  Theorem,  there  exists 

a  semi-group  solution  v(*,t)  “  lia(I  -  t/n  A+)  of  vfc  -  A$(v)  3  0, 

_____ _  n*"  . 

v(x,0)  ■  v0(x)  e  D(-A+)  and  v  lies  in  C( [0,T] |l'(A) ) .  Furthermore,  we  call  v  a  . 
strong  solution  of  vfc  -  f(v)  3  0  if  v  lies  in  ac1qc(0,t|l1(Q) )  and  is  differentiable 
a.e.  [t]  into  L^(Q)  such  that  v^(t)  -  A+(v(t))  3  0  a.e.  [t] . 

In  [23] ,  Evans  has  investigated  the  differentiability  of  this  semi-group  solution 
under  certain  assumaptions  on  +  .  We  summarise  this  result  and  some  other  standard 
results  in  the  following  theorem. 

Theorem  I  :  Let  6|r  ♦  R  be  a  continuous  strictly  increasing  function  with  6(0)  -  0  and 
6(B)  “  R.  Let  6  1  he  uniformly  Lipschitt  continuous.  Then  for  every  vQ  e  L1(Q),  the 
corresponding  semi-group  solution  of  v  -  A+(v)  >0,  v(*,t)  is  a  strong  solution  and  it 

satisfies  < 

(i)  v(x,0)  -  v0(x) 

(li)  vt  e  Ljoe(0,T|L2(a)) 
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(iii)  ♦(»(•. t))  e  w^(0)  n  8rJ<0)  a.«.  [t] 

(Iv)  vfc  -  A$(v)  -  0  a.e.  (t] 

2 

Thus,  v  is  differentiable  almost  everywhere  into  L  (SJ)  and  so  is  also 
different iable  almost  everywhere  into  L1  <Q) .  Furthermore  Dt-A+l  is  dense  in  L1 (Q) 
and  we  have  the  estimate: 

(v)  lv(*,t)l  <  lv«l  for  every  1  <  p  <  ■  with  vn  e  LP(0). 

LP<0)  °  LP[Q)  0 

More  details  concerning  m-accretive  operators  in  Banach  spaces,  nonlinear  semi-groups, 

strong  solutions  and  their  differentiability,  one  can  refer  to  reference  like  [6]  and 

[10].  A  good  simple  survey  can  be  found  in  [21]  and  [24]. 

SECTION  II.  PROOF  OF  LEMMA  I 

2N 

Lemma  I:  Let  2<q  if  N  <  2  or  2<q<  ---j  if  N  >  2.  then,  there  exists 
C  -  C(q,Q)  such  that  if  v  -  u’S-1  is  the  semi-group  solution  of  (2)  and  T*  is  its 
extinction  time,  we  have, 

1 

(T*  -  t)q-2  <  C(q,fl) (/  uq(x,t]dx)1/q  . 

Q 

Proof : 

(i)  Since  vQ  »  uq_1  is  in  L"<a),  Evan's  result  in  [23]  can  be  applied.  Thus  v(x,t) 
is  a  strong  solution  and, 

Vt  e  t2loc(°'T|L2<n» 

1 

v^’f-.t)  e  wj(il)n  J’(S)  a.e.  [t] 

1 

Avq  1  -  vt  a.e.  [t] . 

and, 

lu(t)q  ' I  <  lu  q  for  every  1  <  p  <  ■  . 

LP(8)  °  LP(fl) 
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Let  us  recall  that  if  m  >  1,  wm(t)  €  C( (0,T) (l1 <Q) ),  wB  1  and  wt  lie  respectively 
in  and  lP*(qt)  where  p  >  1  (p*  being  the  Holder  conjugate  of  p),  it  is  not 


difficult  to  see  that  /  wra(x,t)dx  lies  in  ACloc(0,T)  and,  /  w“(x,t)dx  - 
fl  0 

a  /  w®"1 (x,t)wt(x,t)dx  a.e.  It] . 

Q  — Y 

Hence,  in  particular,  if  we  let  f(t)  ■  /  v(x,t)q  dx,  f(t)  is  locally  absolutely 

1  n 


continuous  and  f*(t)  “  ( — 2__)  f  vq_1(x,t)v  (x,t)dx  a.e.  [t] . 

q  ‘  1  A 

3=1  -L.  3=1 

(ii)  We  note  that  (f(t))  q  ■  ( /  vq  1 (x,t)dx)  q  is  also  locally  absolutely  continuous 

n 

and 


q-2  (3-^4)  /  vq-'  (x,t)v  (x,t)dx 

£_  (f(t))  3  m  -  a.e.  [tJ 

dt  q 


(/  v^fx.tidx)2** 
Q 


so  long  as  f(t)  >  0. 

1  1 

(iii)  By  the  fact  that  vq-1(-,t)  e  W2(fl)  n  WjtR)  and  Avq  ^x.t)  «  vt(x,t)  a.e.  [t] , 


have. 


/  Vq-1(x,t)v  (x,t)dx  -  -  /  |Vvq_1(x,t) |2dx 

n  n 


I?  /  vq_1(x,t)dx  by  (i) 

q  az  a 


But, 


-  J  |Vvq_1(x,t)|2dx  <  -  C(q,R) ( J  vq-1(x,t)dx)2/q 

a  n 


by  Sobolev's  Lemma  and  the  restriction  on  q.  Thus, 


_i_  3=1  s=l 

2-  (/  v^x.tjdx)  q  -  q  <  -C(q,R) 

dt  JJ  dt 


a.e.  tt]  so  long  as  f(t)  >  0.  The  existence  of  an  extinction  time  T*  is  immediate. 


furthermore,  let  t  <  t'  <  T*  and  integrate  from  t  to  t'  to  find 


<  C(q,Q)(t 


t) 


_a_  3=1  _2_  3=1 

U  v^^x.t'  )dx)  q  -  (,/  v^Vx.OdxJ  q 

a  ft 

(iv)  Finally  by  Theorem  I  again,  since 


v( • ,t)  e  C(0<T|L1(ft))  and  lv<«,t)l  „  <  »v  I  „ 

L  (ft)  °  L  (ft) 

a  simple  interpolation  shows  v(»,t)  lies  in  C(0,T|Lp(fi))  V  1  <  p  <  •*.  mow  let 
t*  +  T*,  to  deduce, 

_a_  3=1 

(/  vq_1(x,t)dx)  q  >  C(q,ft) (T*  -  t) 
ft 

Proposition  1.1:  Let  q  be  in  the  same  ranges  as  in  Lemma  1  and  B(s)  be  such  that 
8(0)  «  0,  B'(0)  »  0  and  B'(s)  >  0  for  s  >  0.  Furthermore,  suppose  there  exists 

M  >  m  >  0  such  that  msq  2  <  B'(s)  <  MS**-2,  let  u(x,t)  be  the  corresponding  solution 
of, 

BMu)ut  -  Au  »  0  ,  ujaQ  “  0 

* 

u(x,0)  -  Uq(x) 

Then  the  estimate 

3=1 

[f  uq(x,t)dxj  q  >  C(q,ft) (T*  -  t) 
ft 

or 

_a_  3=1 

(J  q  >  C(q,ft)  (T*  -  t) 

ft 

remains  valid. 

Remark:  ohis  proposition  is  interesting  when  one  wants  to  generalize  the  results  of  this 
paper  to  other  nonlinearities  B(s),  and  this  will  be  used  in  Section  VI  later,  of 
course,  we  should  always  bear  in  mind  that  we  assume  our  Initial  data  to  be  non-negative, 

4D 

not  identically  zero  and  is  in  L  (ft)  unless  otherwise  stated. 
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SECTION  III.  LEMMA  II  and  LEMMA  III 

In  this  Section,  we  will  use  the  regularization  (2',n,e)  mentioned  in  section  (I), 


namely. 


(2 ' ,n,e ) 


,  £q_1,  .  £  „  El 

Un  >t  "  Aun  “  °*  un  3(1  "  6 


uE(x,0)  -  u"(x)  +  c 
n  o 


We  will  prove  two  other  lemmas.  These  lemmas  together  with  Lemma  I,  trill  ultimately  lead 
to  the  stability  results  we  want. 

Furthermore,  according  to  Evan's  result,  if  v(t)  ■  u(t)^-*  is  the  semi-group 
solution  of  (2)  with  uQ  e  L°*(ft),  then  u(t)  e  Wj(ft)  n  w2(ft)  a.e.  [t] .  Hence,  to 
consider  L  (SI)  initial  data,  it  is  sufficient  to  assume  Ug  €  wj  (ft)  n  L  (ft).  So  here  w 
assume  that  u0  «  Wj(ft)  n  l“(Q)  and  uJJ  e  Cg(Q),  u£  +  uQ  in  W^ft)  and  ujj  ♦  u0  in 
Lp(ft),  1  <  p  < 

Lemma  II;  Let  u(x,t)  be  the  solution  of  (2‘)  with  Ug  B  Wjfft)  D  L  (ft).  Then, 

3=1  /  I V«0 1 2 

(f  uq(x,t)dx)  q  <  (q  -  1)  - ■  ,  (T*  -  t)  Vt  <  T* 

n  (/  «g)  /q 

where  T*  is  the  extinction  time. 


(i)  Let  uE  be  the  solution  of  (2',n,C),  uE  e  C  (Q^)  and  that 


/  |vu„(x,t>rdx 
ft  n _ 

(/  uE  (x,t)dx)2/q 


is  a  decreasing  function  of  t.  Indeed,  using  the  fact  that, 

q-1  duE 

/  (“e  )  uEdx  “  /  ueiuedx  “  -  /  |Vue|  dx  +  /  uE  -T-—  dx  <  0 

Q  n  tn  (Jnn  ft  n  ft"*1 


where  n  is  the  outward  normal  at  3ft,  we  have. 


Since  u  >  £  by  the  Maximum  Principle.  Hence, 


3=1 


I  IV 


rq  2/q 


n '  2 


StU  q  -a/. 


U  »„  j 

U  " 


U  «!  J  1/  (»f  -  e>q)2/q 


(iii)  Let  [t^,t2]  c  (0,T*).  By  the  results  we  will  prove  in  section  (IV),  we  have, 
/  u^(t)q  ♦  /  u^tt)  uniformly  on  (t^,  t2l .  “Brns, 


3=1  J  l7u0 


n,2 


-  k  u  '<  -  *'")  ’  «««-"- 

”  u )J/" 


(1  +  «(c,n,tltt2)) 


where  {(e.n.t^tj)  *0  as  e  ♦  0,  n  ♦  ■  and  so. 


3=1  3=1 

U  («*<»,)  -  e)q)  q  -  U  <»*<V  -  *>q)  q 


/  1% 


n>2 


u  <y/q 


<t2  -  t^tq  -  1X1  +  ^c.n.t^tj)) 


Finally,  let  £  ♦  0,  n  •*  »,  tj  «  t  and  t2  ♦  T*,  we  are  done. 

Remark: 

In  Proposition  II.  1,  we  mentioned  that  the  estimate  given  by  Lemma  I  is  also  true  for 
the  equation: 


fS'(u)ut  -  iu  “  0,  u  gn  -  0 


u(x,0)  «  uQ(x) 


where  B(s)  is  such  that  B(0)  -  0,  B'(0)  ■  0,  B'ls)  >  0  for  s  >  0  and  there  exists 
M  >  m  >  0  such  that  ms11  2  <  B'(s)  <  Ms^~2 .  It  turns  out  that  the  previous  estimate  can 
not  be  generalized  easily,  but  this  is  also  true  provided  that  B'(s)  tends  to 


-J 


\  .  .  % 


.  •  -  • .  • .  *  - 
.  - ./.  • .  •  -  •  .a  -  .  • .  • . 
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(q  -  1)»9~2  "sufficiently  fast"  as  a  ♦  0.  Of  course,  we  will  need  a  much  mors 
c  explicated  analysis  and  this  will  ba  mads  elsar  in  Ssction  VZ. 

Fundamental  Lamms  lilt  Let  us  Introduce  tha  coordinata  transformation 
t  “  T*( 1  -  a“*9"2^T)  and  dafinas 


«(«.*>  ■  sSliSU  - 


((q  -  2)T*) 


q-2 


than  W  satisfiasi 


AW  +  <q  -  OW4*-1  -  Cq  -  1)WM  *W, 


,9“2a 


and  thara  axlsts, 


{Tn>,  Tn  +  -  such  that  lW,“2WT(Tn)l 


♦  0 


^(fl) 


Proofs 


Wa  oonaidar  tha  cor raapondi nq  transformation  of  u  (x,t) , 

n 


w'(x,t)  -  — 

n 


u*(x,t«<1  -  a_(<r2)T))aT 


((q  -  2)**) 


L. 

q-2 


which  satisflas. 


q-1  q-2 

AWC(x,T)  +  (q  -  1)W€(x,T)  -  (q  -  1)W*(x,*)w‘  (x,T) 
n  n  n  n 

T 


e  ■?<*>*«  «. 

we(x,0)  - - - - ,  w‘,0 

n  o  n  80 


ca 


<<q  -  2)T* ) 


<l-2 


({q  -  2)T*) 


1 

<r2 


Tha  proof  of  tha  1< 


is  lonq  and  so  wa  divide  it  into  firm  stops 


(1)  By  direct  differentiation 


2-  [1  /  |7we|2dx  -  (3-=-!)  /  We  dxj 
<»  l2  £,  n  n  n 


eq-2i..e  ,2, 


-<q  -  1>  /  W  ItT  |  dx  +  / 

a  n  "t  an 


ee 


dw 


((q  -  2 )T* > 


i_  an 

q-2 


dx  <  0 


hence. 


7  /  |Vw*|2dx  -  C3-^— LJ  /  <  dx 


2  a  '  '  q 


<*/ 


m2 


I-SI 


2 

.q-2 


dx  / 


«B0<x>q 


dx 


((q  -  2 ) )T* ~ 

An  immediate  consequence  of  this  inequality  is. 


((q  -  2 )T* ) 


q-2 


1/  |Vw|2dx  <±J 


|Vu. 


( (q-2 )T*) 


q-2 


( (q-2 )T*) 


q-2 


dx  +  (3I-)  f  wqdx  <  M 

q  a 


uniformly  in  T  where  M  is  independent  of  T.  This  is  due  to  the  uniform  boundedness  of 


/  Wqdx  implied  by  Lemma  II  and  the  lower  semi-continuity  property  of  the  norm  of  a  Banach 

a 

space  with  respect  to  weak  convergence. 


(ii)  Apply  Holder's  inequality  to  find. 


/  |Wf  ( x,T)W*”  ( x , T )  | q_  1  dx  <  (J  wj’'1<X,T)dx)2<q"1,[J  W*”1  (T)W*  (T)dxj2(q_1) 


q-2 


a  n  "t  a  "  h  n  "t 


The  uniform  convergence  of  u  in  LM(Q)  to  u  on  conpact  eub interval  of  (0,T*] 

n 


implies  the  uniform  convergence  of  WC  in  Lq(B)  to  W  on  a  <  T  <  b  where 


0  <  a  <  b  <  «•.  But  /  Mq(x,T)dx  is  uniformly  bounded  in  T,  hence,  for 

a 

r  e  [a,b]  as  e  ♦  0, 
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► 


%*  s' 

■  ,-V 
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V-‘ 


s’  s’  s’  s’ 


•  •  ‘  ‘  ‘  *N  a. 

\\  *.  ./  .  *  . 


cq-2 


_a_ 


/  <x,r)we  (x,r)rr1dx  <  (M  ♦  «U.b,n.en2<q"1)l/  <r>w^  <*>dxJ 

jj  n  nT  Q  T 

where  «<a,b,n,e)  >0  aa  e  ♦  0,  n  ♦  Furthermore, 


2(q-1) 


-  If  [j  /  |Vw*(x.r)|2dx  -  iS-j-lj  J  wf  (x,r)dxj 


r*"2 


>  j  »e  (x,r)W*  (x,r)2  dx  >  0 

•  Ft  n 


and  therefore. 


/  |w®(xlr)w®  (x,r)|‘r1dx 


q-2 


<  (M  ♦  «(.,b,n,C))2(q"1M^  [j/  l^(r)l2dx  -  ia-j-1)  J  <  (r)dx]}2(<*-1) 


which  implies. 


[(/  l»'q  (x,r)|q"1dxj  q  J 


_3_  3Zl 


<  <M  +  «<a,b,n,e))^  [1  /  |Vw*(r)|2dx  -  C3-^— LJ  /  <*><*! J 


-  1, 


By  the  above  estimate. 


xq-2..c 


J  (mE  wE  i 

a  "  nT 


)2  < 


iT’tO) 


ai2 

(M  +  6(a,b,n,e))  q  [F(W®(a)>  -  F(WE(b))] 
n  n 


3Zl  un 

<  (M  +  «<a,b,n,e»  q  [f|. - 9 - -jj  -  F(W^(b))] 

((q  -  2)T*)q_2 

Since  by  (i),  F(ME (T) )  is  monotonic  decreasing  where  F  is  the  nonlinear  functional 
defined  by. 
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F(h)  -  /  (i  |?h|  2-  (SLZ_l)hq)axf  h  e  whfl)  Lq(Q>  . 


Again  Cron  (i) 


7(W  (T) )  <  F  (- 
n 


((q  -  2 )T*) 


Tj 

q-2 


Thus,  the  right  hand  side  of  the  inequality  is  uniformly  bounded  with  respect  to  n  and 

eq“2  e 

e  which  in  turns  implies  Wn  is  uniformly  bounded  with  respect  to  n  and  e  in 

2  ~?7  T  ek  2  £k 

L  (a,b|Lq  (£1))  and  so  there  exists  a  subsequence  {e^}  such  that  W  »n  -->  h  for 

_3_  "  nT 

some  h  e  L2(a,b|Lq_1 (fl) ] .  For  simplicity,  we  denote  {c^}  by  {e}.  (Let  us  recall  that 

- ->  stands  for  weak  convergence  in  Banach  spaces . ) 

(iii)  we  claim  that  in  fact  h  «  Wq-2WT.  To  see  this,  we  note  that  (i)  together  with  the 

_2_ 

uniform  boundedness  of  /  Wqdx  and  the  uniform  convergence  of  we  to  w  in  Lq  1(0),  we 

'  n 

ft 

have 

/  |Vwe(x,T) |2dx  <  C(a,t)  on  s  <  T  <  t 
0  n 


/  /  |Vw£(x,T)|2dxdT  <  C(s,t)(a  -  t) 

8  Q 


Thus,  W  (x,T) 
n 


ce 


-j—  is  uniformly  bounded  in  L2(a,b|fcJ(8) )  and  it  follows 


<<q  -  2)T*) 


q-2 


that,  Ve  -  wC(x,T)  - 
n  n 


ee 


- - >  W  in  L2(s,t|SJ(Q)). 


( (q  -  2  )T* ) 


q-2 


(iv)  Hence,  for  p  e  Cg  (8  *  (s,t)) 


lim  /  /  WC  W6  pdxdT  -  -( — ~)  /  /  VwVpdxdT  +  /  /  Wq_1pdxdT 

e*o  a8nnT  q  s  8  8  n 


On  the  other  hand. 


AW  +  (q  -  1)W*J-1  -  (q  -  1)W^_2WT  a. a.  [T] 


WT  e  t<iocf8,t!L2(SI))  and  W(T)  e  »l  (Si)  W2<n)  . 


1  b  b  1 
-( - r)  /  /  7w*7pdxdT  +  /  /  Wq  pdxdT 

q  "  a  Q  afl 

i  b  i  b 

-  (. - r)  /  J  (AW  +  Wq  ) pdxdT  -  /  /  pWq”w  dxdT  . 

q  "  a  n  an  T 

_9L 

But  c£<n  «  (a,b) )  is  dense  in  L2(a,b|Lq(n) )  which  is  the  dual  of  L2 <a,b|Lq_1 (Q ) ) . 
Therefore , 

q— 1  -S- 

WE  — >  Wq_2WT  in  L2(a,b|Lq_1  ( n ) )  . 

"t 

(v)  Finally,  by  the  lower  semi-continuous  property  of  the  norm  of  a  Banach  space  with 
respect  to  weak  convergence,  we  have. 


\  '  '.'-'•I 


K  q  q-1  v  _  _  q  q-1 

/  IU  *  J2«  <  u.  /b  iu  Kq \r') q  ^ 

an  T  e*0  a  n  '  nT  V 


_  u  (x) 

<  lim  (M  +  fi(a,b,n,e) )  q  [f(, - 2 - — )  -  ?(wE(b)] 

e+0  — n 

n-***  ( (q  -  2  )T*)q 


-  lim  /  j7we | 2dx  <  -  /  |7w(b)!2dx  , 


e+o  n 


:«rVM 


hence , 


which  implies , 


F(WE(b))  <  -F(W(b) ) 


•/  %' 
-*  .*  *■  i 

Wv> 


v  ■«  v 

•> 

V  V 
.»  V  * 

».  V  v 

•-.y.-v 


/  («wq-  w. 


J  dT  <  M  q  [f(- 


— J  -  F(W(b))] 


L^Vo) 


((q  -  2 )T* ) ' 


where  M  is  independent  of  a  and  b.  Furthermore  |F(W(b))|  is  uniformly  bounded  by 

(i)  and  the  second  lemma.  Thus,  there  exists  a  sequence  (t  ),  T  “  such  that 

n  n 


iwq-2w  (T  j, 
T  n 


♦  0  as  T  ♦ 
n 


Lq-1(Q) 

Now,  let  us  restate  the  main  theorem  of  this  paper  and  prove  it.  Hie  proof  is 
basically  the  same  as  in  the  paper  of  Holland  and  Berryman  [12],  since  it  is  not  long,  for 
the  sake  of  completeness  we  reproduce  it  here. 

Main  Theorem;  Let  p(x,t)  »  u(x,t)/[(q  -  2)(t*  -  t)]*1”2,  then 

(1)  If  2  <  q  for  N<2  or  2<q<  2N/(N  -  2)  for  N  >  2,  there  exists  an 

increasing  sequence  of  times  tn  ♦  T*  and  p(»,tn)  *  S(*)  in  where  S  is  a 

positive  classical  solution  of  (3). 

(2)  If  q  >  2N/(N  -2),  N  >  2,  then  there  is  a  non-negative  weak  solution  S(* )  of 

(3)  and  an  increasing  sequence  of  times  (t  },  t  ♦  T*  such  that  p(*,t  )  ♦  S(»)  in 

n  n  n 


Proof  of  ( 1 ) : 


(q-2 )T 


( )  Let  us  first  recall  if  we  put  t  *  T*(l  -  e  ")  where  {t 1  }  is  the  sequence  of 


the  third  fundamental  lemna,  then  p(*,t  )  is  transformed  into  w(*,T  )  where  W(«,T  ) 

n  n  n 


satisfies. 


Clearly, 


AW  +  (q-1 )Wq_1  »  (q-1 )wq_2W 


/  |AW(x,Tn)|q_1dx  <  A  /  |wq“1(x,Tn)|q"1dx  +  B  /  |wq”2(x,Tn)WT(x,Tn)  ^’dx 


for  some  positive  constants  A,B.  the  first  term  on  the  right  is  bounded  by  the  second 


fundamental  lemma.  The  second  term  converges  to  zero  by  the  third  fundamental  lemma. 


S 


Bence,  IW(*,T  )l  , 

B  W2  (Q) 


is  bounded  by  the  iP  theory  of  tho  second  order  linear 


elliptic  problem.  (For  the  details  of  the  I P  theory  see  {20],  {27]).  By  the  weak 
embedding  property,  there  exists  iT  } #  *  ♦  •  such  that  *(•,?)  ♦St*)  in  61  (0)  as 


(ii)  the  convergence  is  actually  better.  First  we  recall  that  in  (1)  of  the  proof  of  the 

third  fundamental  lease ,  we  have  shown  the  uniform  boundedness  of  /  |Vw{x,T)|2dx  which 

Q 

implies  S(* )  must  be  in  wj(a)  and  W(*,?n)  in  fact  converges  weakly  to  8(* )  in 


(lii)  Next  we  show  that  S(*)  is  a  classical  solution  of  (3)  i.e.,  8  satisfies* 
AS  +  (q  -  US**”1  -  0  in  fl  with  s|8n  -  0.  Indeed,  let  p  8  C*(Q),  we  use, 

/  r-Vp-Vw  +  (q  -  OpW^’ldx  -  /  (q  -  1)pwq"2ll  dx 


and  let  T  ♦  •*  to  find, 
n 

/  [-Vp*VS  ♦  <q  -  1  Jps**-1  )dx  -  0  , 
a 

since  the  right  hand  side  converges  to  sero  by  the  third  fundamental  lemma.  Bence  S(* ) 
is  a  weak  solution  of  (3).  But  by  a  simple  bootstrap  argument,  a  weak  solution  of  (3)  is 
in  fact  a  classical  solution  of  (3)  if  N  <  2  or  2  <  q  <  2N/(N  -  2)  for  N  >  2  which  is 
our  case  here. 

(lv)  S(x)  >  0  and  is  not  the  sero  solution  by  Lemma  Z.  But  any  non-negative  solution  of 
(3)  with  s|jfl  -  0  must  be  positive  everywhere  Inside  a  by  the  maximum  principle,  thus 
8(x)  >0  in  Q. 

(v)  Finally  we  show  that  W(»,Tn)  ♦  S(»)  in 

To  see  this  we  multiply  AW  +  (q  -  1)W^_1  “  (q  -  1)W^“2wT  by  W  and  integrate.  We 


/  {— |  Vw(x,T  )  | 2  +  (q  -  1)Wq(x,T  )]dx  -  /  (q  -  DW^’w  (x,T  )dx 
a  n  n  a 


Again  Invoking  the  third  fundamental  lemma  and  letting  T„  ♦  «,  we  have. 


I. — S__)  lim  /  |VW(x,T  )|2dx  -  lim  /  Wq(x,T  )d x  -  /  Sq(x)dx 

q  ”  1  T  Q  "  T  ~  U  n  a 

n  n 


due  to  the  fact  that  /  Wq(x,T  )dx  ♦  /  Sq(x)dx  by  Kondrachov  compactness  theorem  ([26], 

a  n  a 

p.  42).  On  the  other  hand, 


( — /  |VS(x)|2dx  -  /  Sq(x)dx 
q  fl  0 


Thus, 


IW(  •  ,T  )  I  ,  IS(  -  )  I  , 

W jtn)  W^Q) 


together  with  the  weak  convergence  which  we  have  established, 

W(*,Tn)  ♦  S(*)  in  ( fl ) . 

Proof  of  ( 2 ) ; 

It  is  similar  to  the  proof  of  (1),  except  that  we  no  longer  have  our  estimate  in  the 
first  fundamental  lemma  and  also  because  of  the  range  of  q,  we  can  only  conclude  that 
S(*)  is  a  non-negative  weak  solution  of  (3).  For  the  details,  one  can  refer  to  the 
original  proof  in  [12]. 


SBCTIOW  IV 

In  this  section,  we  will  prove  the  convergence  of  the  u|j  of  (2',n,E)  to  the 
solution  u(x,t)  of  (2*)  where  v  «  uq_1  is  the  semi-group  solution  of  (2).  The 
convergence  is  in  the  space  C(  (0,T]  1^(0) ) ,  1  <  p  <  ".  We  recall  that  in  [31],  it  has 
been  proved  that  u^  converges  on  compact  subsets  of  to  a  weak  solution 

u  e  C(Qt)  L™(0t)  for  bounded  initial  data  Uq.  Obviously  u^  converges  in 
C((0,T]  |l.p<ft)>,  1  <  p  <  *»,  to  u,  the  only  question  is  whether  uq  1  is  the  semi-group 
solution.  We  will  show  that  this  is  true  by  proving  a  uniqueness  theorem  of  the  weak 
solution.  (Note  that  the  semi-group  solution  is  also  a  weak  solution). 

Before  we  go  on,  for  the  convenience  of  computations  we  introduce  on  other  notion  of 


weak  solution  which  is  equivalent  to  the  one  given  in  [31].  It  is  certainly  not  difficult 

OB 

to  see  this  especially  when  u  is  in  C(Q_)  n  L  (p  ) 


p 


Definition!  u*1'1  e  c((0,T]  n  L°’(Ct)  is  a  weak  solution  of 


(uq  1)fc  -  Au  ■  0,  u  »  0 


u(x,0)  -  uQ<x),  uq-1  6  i/tn) 


(2*  ) 


if  it  satisfies; 

/  uq  ^ (T)p(T)  «  /  uq_1p(0)  +  /  uq-1p^  +  uAp 

a  a 

for  every  p  e  C2(QT>  and  p)3Qx[0fT]  -  0 

Definition!  uq  1  e  C( (0,T] II1 (0) ) n  iTtQ^)  is  a  super  solution  of  (2*)  if  its  satisfies 
the  inequality; 

/  uq  1(T)p(T)  >  /  uq_1p{0)  +  /  uq~V  +  uAp 

a  « 

for  every  nonnegative  p  e  C  (Q^)  with  p|jfj  “  0*  Subsolution  are  similary  defined 
with  >  replaced  by  <• 

Proposition  IV- 1 :  let  jj  and  u  be  a  subsolution  and  a  supersolution  respectively.  Then 
u  <  u  a.e.  in  QT. 

(i)  /  uq-1(T)p(T)  <  /  uq-1p(0)  +  /  uq_1p  +  uAp 

a  a  0T  “ 

Proof!  /  * (T)p (T)  >  /  uq  1  p C 0 )  +  /  uq  ^  +  uAp  whenever  p  is  a  test  function. 

a  a  qt 

Subtraction  yields, 

J  (uq_1(T)  -  ^"’(TUpIT)  <  /  <uq-1  -  uq"1)Pfc  +  (u  -  u)Ap 


I^t 


a(x,t) 


uq  ^x.t)  -  {^“'(x.t) 
u(x,t)  -  u( x , t ) 


a(x,t)  e  Tu  (Qt>  and  a(x,t)  >  0.  Thus, 


/  (uq_1(T)  -  u  q_1(T)>p(T)  <  /  (u  -  u)(ap  +  A p) 

n  a  r 
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(ii)  We  choose  x  e  Cn(fl),  0  <  x  <  1  and  an  e  C  (Q,,)  such  that  —  <  a_  <  lal 


n-a  5 

and  - ♦  0  in  ar.d  we  solve  the  backward  problems 


a  p  +  ip  =  MXp  ,  M  ■  lal  +  -1 

n  "t  n  "  L* (Qt)  " 


Pn  3fl  0 


Pn(T)  =  x 


We  observe  that* 


(1)  0  <  p^  <  e^fc  on  by  the  Maximum  Principle 


(2)  /  a  p2  <  C  uniformly  in  n 


qt  nnt 


(1)  is  trivial  and  to  see  (2),  we  multiply  the  equation  by  p  and  integrate; 

"t 


T  j  T  T 

/  /  Vn  ~  /  /  W?Pn  -  /  J  MXp  dp 

n  t  t  t  a  tat  nn 


/ 

n»[t,T] 


1 2  MX 


1 

n*[t,T] 


Vn  +jl  |Pn<t)|2-iJ  |VX|2+f  I  Xs 

n  "t  a  n  2  n  n  2  n  2  a 


for  any  t  >  0. 

(iii)  Now  that  using  p  as  a  test  function,  we  have; 


/  (uq_1(T)  -  u*1- 1  { T ) ) x  <  /  (u  -  u)MXp  <  /  (u  -  u)  +  MXeX<t‘ 


T) 


/  (a  -  a  ) (u  -  u)p  ( lul  _ 
'  ri“  n  —  * 


t  L  (0  ) 
T 


L  (p_)  p„  1  /a 
T  T  n 


Let  n  ♦  “  and  X  ♦  0, 


/  {uq"’(T)  -  5q_1(T))x  <  0  . 


7*  ' 


f  V'frt  "  AUn 


( 2 ' ,n ,e ) ' 


0,  II 


n  90 


Ue  (x,0)  =  u"(x) 
n  0 


On  identifying  naturally  *  $e(U^)  38  the  semi“9rouP  solution  of  (2,n,e) 

*  (s)  ♦  *<s),  vS ( x ,  0  )  ♦  v A ( x )  in  LP(fl)  V  1  <  p  <  ®;  as  e  ♦  0,  v^(x,t) 

e  n  u  n 

in  C( [0,T] |lp(Q) )  V  1  <  p  <  *  to  v(x,t),  the  semigroup  solution  of  (2). 
(iii)  Furthermore,  by  the  regularizing  effect  of  the  equation 

f  vt  -  Av”  =0,  v|jfi  =  0  where  m  >  0 


(1) 


v(x,0 )  =  vQ(x) 


where, 

converges 


for  certain  ranges  of  q,  the  solution  of  (2)  v(t)  =  u^  ^(t)  of  (2)  is  in  L  (0)  for 
t  >  0  and  we  still  have  a  weak  solution  in  Qip. 

Indeed,  Gary  Schroeder  in  [32],  using  the  result  by  Benilan  and  Vernon  in  [11],  he 
obtained  for  the  solution  v  of  equation  (1)  which  includes  (2)  as  a  particular  case. 
Theorem  IV-2i  Let  t0  >  0,  t  >  t0,  p0  >  1,  p0  >  j  ( 1  -  m)  and  if  v(*,t0>  e  pQ(0), 
then  the  following  estimate  is  valid. 

2Pn 


b 


1 


-J 


.  <  [_J!2! - f V-) ,  p , , 

L  (fl)  Nm(—  pQ  +  m  -  l)  .0, 


cn> 


2N  •  2  • 

Hence,  for  p0  =  1,  N  >  2  and  2  <  q  <  -y  V  v(*,t)  e  L  (£1)  for  t  <  0.  Using 
the  evolutional  property  of  the  semi-group  solution,  we  write  v(t)  *  S(t)v0(x)  as  usual 
in  the  semi-group  theory,  we  have 

V ( t  +  T)  =  S(t  +  T ) Vq ( X )  -  S(t)(S(T)v0(x))  V  t,  T  >  0  . 

Thus,  we  have  brought  ourselves  to  the  setting  of  L  (0)  initial  data  and  we  have  a 

2N  *  2 

bounded  continuous  weak  solution  of  (2').  For  the  case  where  q  >  —  nothing  about 

the  existence  of  weak  solutions  (except  the  semi-group  solution)  has  been  known  yet. 

(iv)  In  fact,  in  [32]  we  have  a  more  general  result  for  the  equation  A$(v)  “  vt.  We  have 
exactly  the  same  results  as  in  (ii),  the  only  conditions  we  have  to  impose  on  $  are 
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t(0)  »  0  and  >'(s)  >  Cs”"1  for  some  positive  constant  C.  Alternatively,  If  we  let 
0(s)  -  r1<s)  and  consider  the  equation  B’<u)ut  -  Au,  the  conditions  become  B <0 )  -  0 
and  6' (a)  <  C'S(s) We  will  use  this  result  when  we  generalise  our  previous  results  in 
Section  VI. 

(v)  The  previous  proof  also  works  for  the  porous  media  equation,  for  the  analogous  version 
one  can  refer  to  [4 ] . 

J 

(vl)  Finally,  we  note  that  because  of  the  regularising  effect,  all  the  previous  asymptotic 
behaviour  results  remain  true  and  we  suaaarise  it  in  the  following  corollary. 

Corollary  IV- 1 1  For  N  >  2  and  2  <  q  <  f,  all  the  previous  asymptotic  behaviour 

results  remain  true  provided  ug  e  or  Vg  ”  ug  €  L  (fi). 


SECTION  V..  .  THE  INTERIOR  AND  BOUNDARY  REGULARITY  OF  THE  SOLUTION 

In  this  section,  we  will  study  the  regularity  of  u(x,t)  inside  the  parabolic 
cylinder  QT,  ■  O  *  (0,1*1.  We  will  first  study  the  case  where  the  initial  data  ug  is 
in  l“(S2)  and  then  consider  general  L1  (0)  initial  data.  The  continuity  up  to  the 
boundary  80  is  also  studied  under  certain  assumptions  on  the  boundary  of  Q,  80.  We 
will  divide  the  sections  in  two  parts  as  follows. 

Fart  I 

As  before,  we  consider  the  regularizations 


q-i  _ 


Aun  -  0, 


n  80 


-  e 


<2\n,c) 


(2' ,n,e) 


I  ue(x,0 )  ■  u"(x)  ♦  e  > 

>  n  u 

where  e  >  0.  e  ♦  0,  u£  ♦  u„  in  LP(0),  1  <  p  <  uj  «  C*|0)  and 

lunl  m  <  lu0l  m  •  The  ue  converge  uniformly  on  compact  subsets  on  ftj. 
0  l" (Q)  °  L  (0)  " 

is  a  direct  application  of  the  main  theorem  of  131)  which  we  stated  as  follows, 
details,  one  may  refer  to  [31], 

Theorem  V-1:  Consider  the  equation, 

B(u)t  «  Au  +  pm9(y(u)>)  +  F(x,t,u) 


The  proof 
For  the 
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Denote  by  3QT  the  boundary  of  the  parabolic  cylinder,  i.e  3Qt  “  {(x,t)  e  QT|t  -  Oor 
x  e  3Q}.  Furthermore i 

(i)  0  e  C2(»>,  6(0)  -  0,  0  <  0'  <  - 

* 

0  <  1^(6)  <  0’  (a)  <  M(«)  for  |a!  <  «  >  0 

(ii)  p  «  T«C2|»),  F  «  c'lQ.  *  R). 

T  T 

If  a  bounded  claaaical  aolution  u(x,t)  exists,  i.e.  u  e  C2,1(Q^)  and  satisfies  the 
equation  point wise  in  Q..  Let  C,  be  a  positive  constant  such  that,  lul  m  , 

L  <0,) 

■0(u)l  m  ,  IF( • , • ,u) I  m  ,  ly'(u)l  „  and  Ipl  m  are  all  less  than  C^. 

L  (0T)  L  <«T)  L  (Qt>  L  (5^) 

Then,  if  is  a  subdomain  of  Qip,  the  Modulus  of  continuity  of  u  in  depends  only 

on  the  data  n,  C^,  ill*),  u^(*)  and  the  diet  (Q^,3Qj,). 

He  now  state  the  theorem  about  the  interior  regularity  of  the  solution. 

Theorem  V-2:  Let  u(x,t)  be  the  solution  of  (2)  where  the  initial  data  Ug  is  in 
m 

L  (0).  Then  u(x,t)  is  a  positive  classical  solution  of  (2)  in  the  parabolic  cylinder 
where  T*  is  the  extinction  time.  More  precisely  u(x,t)  >  0  in  Ope,  u  6  C  (v> 
and  satisfies  (q-1)uq-2ut  -  Au  «  0.  This  theorem  is  an  immediate  consequence  of  the 
following  leama. 

Tmmma  V-1  Let  flT  denotes  {(x,t)  e  0T!t«T>  and  u(x,t)  be  the  bounded  continuous  weak 
solution  of  (2*).  If  u(x,t)  vanishes  at  <x*,T*)  e  Qj,,  then  it  vanishes  everywhere  on 
Qt*.  He  will  go  ahead  to  prove  theorem  V-2  and  postpone  the  proof  of  the  learn  until 
later. 

Proof : 

Using  Leaaa  v-1,  since  u  is  positive  in  Qkji*  and  u^  converge  on  compact  subsets 
of  Qt*.  u*  are  bounded  away  from  zero  uniformly  in  e  and  n  on  compact  subsets  of 
Q^*.  By  some  standard  results  in  [26] ,  we  can  obtain  uniform  bounds  on  u®  in 
H2t4«,t+o/2 where  a  >  0,  for  any  t  e  Z+  and  CC  •  Hence,  the  degeneracy 
has  been  handled  and  we  have  a  positive  and  classical  solution  in 

He  now  relax  the  restriction  from  uQ  e  L*(Q)  to  ug  e  Lq  2(Q)»  i.e.  vg  e  L2(Q) 
and  invoke  the  semi-group  theory.  He  summarise  the  results  in  the  following  corollary. 
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Corollary  V-1  Let  uQ  e  Lq”  (fl),  alternatively  v0  e  L  (ft)  with  N  >  2, 

2  <  q  <  (2N-2)/(N-2).  Then  there  exists  a  positive  classical  solution  of  (2*)  in  Qy. 

Proof i 

Hie  proof  is  based  on  Theorem  IV-2.  The  main  machinery  is  again  the  regularizing 
effect  of  the  solution  and  we  omit  the  details  here. 

He  now  coeie  bach  to  the  proof  of  lemma  V-1. 

Proof i 

This  proof  is  a  generalization  of  Babanina' s  lemma  in  the  R^  case  ([29]).  For 
simplicity  we  only  provide  a  proof  for  act?,  the  rf*  case  proceeds  in  exactly  the  same 
way.  He  will  prove  it  by  contradiction. 

Indeed,  let  us  assume  the  contrary.  Then  there  exists  a  point  (x**,  y**,  T* ) 
where  u  does  not  vanish  and  consequently  we  can  find  a  region  G  in  QT  as  shown  in 
Figure  I  such  that  u(x,t)  vanishes  at  (x*,  y* ,  T*)  but  u  is  greater  then  zero  on 
Aj.  (Here,  without  loss  of  generality,  we  assume  y*  «  y**  “  0  and  x»*  >  x*  >  0).  He 
let  (r,8)  denote  the  polar  co-ordinates. 


t 


$'(u)ufc  -  Au  »  0,  u|jfl  -  0 
u(x,0)  -  Uq { x ) 

with  uQ  e  L  (SI),  and  Ug  >  0,  u0  ^  0.  Then,  u  is  a  positive  classical  solution  in 
Op.  (The  previous  proof  can  be  modified  trivially  to  this  general  case.) 

Remark;  If  ug  is  simply  in  (0)  for  N  >  2,  where  2  <  q  <  ■  ‘ ,  then  there 

exists  a  positive  classical  solution  in  QT  due  to  regularizing  effect.  (See  Section  TV 
for  the  details  about  the  regularizing  effect). 

Part  II 

In  this  part  we  will  investigate  the  continuity  up  to  the  boundary  of  0  of  the 
equation 

B*(u)ut  -  Au  ■  0,  u|jQ  «  0 
u(x,0)  -  Uq(x) 

where  uQ  e  l"(0)  and  B(s)  is  as  before. 

The  only  condition  we  imposed  on  the  boundary  of  S)  is  the  "exterior  sphere 
condition"  which  will  be  defined  later.  DiBenedetto  in  [7]  has  mentioned  that  the 
continuity  up  to  the  boundary  for  the  plasma  equation  can  be  proved  in  a  similar  way  as  in 
his  proof  of  the  porous  media  equation.  The  proof  we  give  here  is  however  a  much  simpler 
proof.  Indeed,  we  will  show  that  the  solution  u  goes  to  zero  at  the  boundary  at  a 
"Lipschitz  rate”. 

Definition;  the  boundary  of  Q,  30  is  said  to  satisfy  the  exterior  sphere  condition  if 
there  exists  R  >  0,  such  that  for  each  point  xQ  e  30,  there  exists  a  ball  BR(x*)  of 
radius  R,  with 

Br(x*)  no-  {xQ} 

the  geosMtric  picture  is  as  below. 
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Figure  II 


Theorem  V-2 ;  Let  u  be  the  weak  solution  of 


B'(u)ut  -  Au  =  0,  u  »  0 


u( x,0 )  -  uQ(x) 


where  uQ  e  L  (ft)  and  there  exists  M  >  m  >  0,  such  that  msq  2  <  B’(s)  <  Msq 
Furthermore,  3ft  satisfies  the  exterior  sphere  condition  with  radius  R,  let 
(x0,To)  e  3ft  x  (0,~)  and  (x,T)  e  ft  x  (0,T),  then  we  have  the  following  estimate: 

Mk  lu0.  ^C^d 

U(X#T)  <  - jj-gj - ,  d  -  |x  -  x0l 

TR 


where  k  depends  on  M,  lu  I  a>(  N,  R  and  ft,  and  R,  |x|  <  C  for  all  x  e  0. 

0  l« 


Proof: 

The  proof  is  based  on  the  idea  of  sub  and  supersolution  and  the  construction  of  a 
barrier. 

Proof : 

1*  Again,  we  consider  the  regularizations  {uE}  of 


8'(un)unt  "  iun  '  °'  un|3ft“e 

ue(x,0>  -  u"(x)  +  e 
n  u 


Let  ue  »  ue  -  e  and  0  (s)  «  0(s  +  e),  then  UE  satisfies: 


0 


Af  -  7»7f  »  -lu. 


e 


e 


0 


iT(ft) 


TL 


'“o'  - 


L  (0) 


where 


Hence, 


.  ,2  AH^2 

|Vw(x) |  - 


4N+2 


-AW(x) 


r  2H2k  2fflt(N  +  2) l  _  2H(H  +  2)k  >  0 

l|x|2N+2“  Ixl2**-2  J  txl2**-2 


-Af  > 


4H2k2lunl  „  e 

**  <.QJ — 

i  | 4H+2  2 
x  t 


implying, 


2.2. 


-  Af  >  4N  k  lu  I  .  e 
E  1  0  L  (Q) 


w(k) 

4  /  |x|4M-2t2 


_  *<*>  -  w(x) 

-  Mlunl*  e"  *  [lu  I  .  (1  -  .  *  )  +  e]q"2  /  *Wt2 


L  (Q) 


L  (fl) 


_  w<*> 

klii  I  e  *  , 

°  L  (0) _  |  4w  k 

2  1  I  | 4N+2 

t  |x| 


w(x) 


m[«U  •  .  C1  "  •  )  +  EJq  2 


L  (0) 


_2N 


-}  >  0 


provided  we  choose  k  to  be  sufficiently  large.  We  csn  do  so  because  B  is  bounded. 

3»  f(x,t)  is  a  super solution.  Indeed,  let  p  be  a  test  function  on  ftp  as  before,  by 
straight  forward  integration! 

T  T 

/  /  81(f)f.p  -  /  /  pAf  >  0 

rt  a  *  ^  no 


/  B(ftT)>p(T)  -  j  8  (f(O))p(0)  -  }  8  (f >P„  -  pit  >  0 

n  6  fl  6  Q  €  * 

*T 

/  0  (f<T))p(T>  >  /  8  (lu"l  ]p  ( 0 )  +  J  8  (f)p,.  -  f£ 

0  6  fl  e  0  L  (fl)  Cj,  E  fc 


Similarly  as  what  we  have  done  in  Section  IV, 


/  (0(oe(T)  +  c)  -  0 ( f (T)  +  e))+  <  0 


a  (T)  <  f(T) 
n 


ue(x,T)  <  f (x,T)  +  e  »  lu.l  (l  -  e  T  )  +  e 

"  0  i-(0> 


for  every  (x,T)  e  fl  »  (0,"). 


4*  Now  let  ( Xq , Tq )  e  3fl  x  (0,“)  and  d  »  |x  -  Xg|, 


u  (x,T)  «  lu  l  .  (.1  -  e  T  J  + 

L  (fl) 

for  p  small , 


'V  -  l1  - 


)  +  e  -  'v  -  t1  -  i1-  + 


L  (fl)  r  1  1 


[R2N  "  lx! 2l,]  +  ‘ 


kill  I  „ 

+e 

TR  |x 


>  •  *  •  •  •  •  *  »  •  *  *  »  *  •  *  *  *  •  *  •  •  •  ■  •  •  ■  •  -  i  •  « •  •_*  «  »  ■  .  •  «  •••’«•«  .  •  »  • , 

*•  •  *  m*  «  *  1  *••*••*•  e*--»«m*e«.  *\  • 


|x|2N  -  *»  -  (|x|  -  R) ( |x|  21,-1  ♦  |x|2N”2R  ♦  ...  ♦  |x|r2n-2  ♦  r2n-1) 

<  (R  +  d  -  R)(2N)C2N"1  -  2NC2N"1d 

where  R  and  |x|,  x  e  8  are  both  less  than  C.  Hence,  for  instance,  let  d  <  R/2,  we 
have; 


u  (x,T)  < 
n 


Itt  I  _  22N(2N)C2N"1d 

L  (8) 


TP 


4N 


+  e 


al ternati vely , 


0  <  u  (x,T) 
n 


e  < 


Nklu. I 

0  • 

L  (8) 


22Nt1c2N-1d 


TR 


4N 


where  k  is  a  constant  depending  on  M,  lu.l  m  ,  n,  R  and  8.  (One  can  easily  check 

L  (8) 

this  by  going  back  to  the  process  of  choosing  k  in  step  2* ) 

e 

Finally  recalling  that  converges  uniformly  on  the  compact  subsets  of  Qj.  to  u, 

we  are  done. 

Remarks: 

1*  As  before,  if  uQ  e  (8)  for  H  >  2  and  2  <  q  <  y_  then  we  still  have  the 
same  kind  of  results  due  to  regularizing  effect. 

2*  In  the  above  proof  the  condition  msq  2  <  8'(s)  for  s  >  0  was  never  used  and  so  the 
constants  do  not  depend  on  m. 

3*  What  we  have  obtained  in  the  proof  of  the  theorem  is  not  simply  a  decay  rate  of  u(x,t) 
at  the  boundary  38  but  also  an  uniform  decay  rate  on  the  regularizations  {u^}  at  the 
boundary . 

4*  In  the  proof,  all  the  estimates  really  depend  only  on  M  not  m  where 
msq~2  <  8’  <s)  <  Msq_2 


for  s  >  0 


SBCTIOH  VI.  THS  PKRTPRBATIOH  OF  THE  POWER  LAW  (TKK  WAIN  THEOREM) 

In  the  previous  sections,  we  have  been  studying  the  asymptotic  profile  of  the  plasma 
equation  as  we  approach  the  extinction  time  T*.  In  this  section,  we  perturb  the 
nonlinearity  of  the  equation  by  a  small  amount  and  study  the  corresponding  asymptotic 
behaviour  of  the  solution,  Mora  precisely,  we  consider  the  nonlinear  degenerate  equation 


(4) 


8'(u)ut  -  Au  “  0,  ujaa  “  0 
u(0)  -  uQ 


where  Ug  is  some  non-negative  bounded  initial  data  (or  simply  in  L  (B)  for  a  certain 
range  of  q)  and  0  satisfies, 

(61)  0  e  c’fO,-) 

(82)  0(0)  -  0'(O)  -  0 

(03)  There  exists  M  >  m  >  0  such  that 

ms*-1  <  6*  (s)  <  Ms**-1 


and 

0'(s)  ♦  (q  -  Ds**-2  as  s  *  0 

tat  us  remark  that  the  properties  of  the  plasma  equation  used  before,  including  the 
existence  of  T* ,  regularity  of  solutions,  uniqueness  and  the  regularising  effect  also 
hold  for  (4)  (for  the  regularising  effect  of  the  equation,  see  remark  (iil)  following 
Theorem  IV-2).  The  proofs  which  work  for  the  plasma  equation  can  be  carried  over  without 
any  difficulties.  The  only  thing  which  is  unclear  is  whether  there  is  an  asymptotic 
profile  or  not.  Since  6(s)  ♦  s9"1  and  0' (s)  ♦  (q  -  Us*"2  as  s  *  0,  the  nonlinearity 
behaves  like  that  of  the  plasma  equation  as  we  approach  the  extinction  time  T*.  If 
0*(s)  *  (q  -  Ds^"2  (and  hence  0<s)  ♦  s**-1)  sufficiently  fast,  we  expect  these  take  an 
asymptotic  profile.  Furthermore,  intuitively  speaking,  the  faster  the  solution  decays  to 
zero  at  T* ,  the  more  (4)  behaves  like  the  plasma  equation  as  t  ♦  T*.  Hence,  the  decay 


.V-TV^C.'*  .-"X 


continuity  of  u,  so  before  we  proceed  further,  let  us  state  some  results  concerning  the 
modulus  of  continuity  of  u. 

Remarki  The  interior  regularity  of  porous  media  equation  and  that  of  the  plasma  equation 
have  both  been  investigated  by  Paul  Sacks  in  131].  DiBenedetto  in  [7]  investigated  both 
the  interior  and  boundary  continuities  of  the  porous  media  type  equation.  He  also 
mentioned  that  the  proofs  in  (7]  can  be  modified  to  fit  the  case  of  the  plasma  equation 
(see  the  "significance  and  explanation"  and  Section  V). 

Theorem  VI- 1;  Let  Q  be  any  subdomain  of  Q^.,  for  every  £  >  0,  there  exists  6  >  0 

depending  on  the  data:  N,  maxjlu.l  —  ,  MlUgl*^2  },  ms01  2,  e,  MS**  2  and 

L  (£2)  L  (£1) 

dist(C>,3QT)  (here  3pT  being  the  boundary  of  the  parabolic  cylinder)  such  that  for 
every  (x^t.,),  <x2,t2)  e  we  have  |u<x1(t.,)  -  u(x2,t2)|  <  e  whenever 

I  < X1  't ■! )  -  <x2,t2)  |  <  «. 

This  follows  immediately  from  Theorem  1.1  of  [31]. 

Theorem  VI-2:  Let  the  boundary  of  £2  satisfy  the  exterior  sphere  condition  with  radius 

R.  Consider  £2  x  [tQ ,°°) ,  tQ  >  0,  there  exists  a  continuous  strictly  increasing  function 

f*  |  to ,—  )  -*■  [0,®]  with  f*(0)  ■  0  and  f*  depends  on  the  data:  N,  Bsq’2,  Msq_2, 

max{lu  I  ,  Mlu.l^2  },  diameter  of  $2  and  tg  -uch  that 

L  (£2)  0  L  (£2) 

|u(x1ftt)  -  u(x2,t2)|  <  f*(|(x1,t1)  -  (x2,t2)|j 

for  every  ( x^ ) , (x2,t2)  e  S  x  [tg,®]. 

Proof : 

It  is  sufficient  to  show  that  there  exists  +  0,  Rk  +  0  depending  on  the  data 
mentioned  such  that  for  every  (x1  ,t  1 ) ,  (  x2  ,t2 )  e  55  x  [tQ,®),  we  have, 

juCx^tj)  -  u(x2,t2)|  i 

whenever 

I  ( x , , t , )  -  (x2,t2)|  <  R^  . 

But  this  is  true  since  we  can  always  chop  up  the  region  55  x  [t^,®]  into  an  interior 
region  and  a  boundary  region.  For  the  interior  one,  we  invoke  Theorem  VI-1  while  for  the 
boundary  one,  we  can  handle  it  by  Theorem  V-2  of  Section  V. 
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Finally  by  the  Main  theorem  of  [31]  and  Theorem  V-2  of  Section  V,  we  have 


Itmmi  VI-2:  The  regularization  { u^ }  in  Lenina  VI-1  converge  uniformly  to  u(x,t)  aa 
e  ♦  0  and  n  ♦  «  on  5  *  [t1(t2]  for  any  0  <  t^  <  t2* 

Proof ; 

e 

First  we  note  that  u  converge  uniformly  at  the  interior  due  to  the  Main  theorem  of 
n 

£ 

[31]  while  from  Theorem  V-2  of  Section  V,  we  have  an  uniform  decay  rate  of  u  at  the 

n 

boundary  of  ft.  Hence,  the  convergence  is  uniform  on  Q  x  [t^,t2]« 

Finally,  by  the  continuous  dependence  property  in  the  semi-group  theory  and  the 
uniqueness  of  the  weak  solution,  we  can  conclude  that  the  limit  of  convergence  is  u(x,t) 
where  v(x,t)  *  u(x,t)<J_1  is  the  corresponding  semi-group  solution  of  (4). 

Equipped  with  the  above  information,  we  are  ready  to  prove  the  three  key  estimates  as 
before . 

The  first  key  estimate  is  simply  Proposition  1-1  of  Section  I  which  we  call  it  la— 
I*  in  this  section. 

Lemma  1* :  Let  2<q  if  N<2  or  2<q<  2N/(N  -  2)  if  n  >  2,  then  there  exists 
C  -  C(q ,ft)  such  that  if  u  is  the  solution  of  (4)  and  T*  is  its  extinction  time,  we 
have, 

1 

(T*  -  t]q"2c(q,ft)  <  (J  U(t)qj1/q 
Q 


Idea  of  Proof; 

Here  one  considers  the  function: 


g(a) 


/  sB'tslds 


and  gets  an  estimate  on  (/  g(u(t))dxj  q  as  in  the  proof  of  Lemma  I  for  the  plasma 

a 

equation. 

In  the  case  of  the  other  two  key  estimates,  it  turns  out  that  they  cannot  be 
generalized  from  the  estimates  for  the  plasma  equation  as  easily  as  above,  and  so  we  have 
to  assume  the  conditions  of  Theorem  VI-3.  Also  according  to  Evan's  result  in  [23],  we  can 


uhm  u0  e  l“ (Q )  n  Vj(Q)  as  in  the  case  of  tha  plasaa  aquation.  0>e  can  therefore  also 
asst*e  uj  of  the  regularization  converge  to  u0  in  WjCQ).) 

Le—a  11*1  Let  u  be  the  solution  of  (4)  with  the  conditions  of  Theorew  VI-3  being 
satisfied  and  uj  !  L* (0)  n  WjCQ),  then  for  every  a  e  (0,T*),  we  have. 


(/  u(t)qditj  q  <  C(s,q,u0,0)(T*  -  t) 


H  ,  e"  Jt-r 

t.i 


<<<■ 

.SMs.' 

S'.N’-Zv’ 

V  o  s' 

■  , 


for  every  a  <  t  <  T*. 


1*  Let  ur  be  the  solution  of  the  regularication 


S*<Un)ttnt  “  Aun  "  °'  “njafl  "  6 


uc(0)  -  u"  +  e 
n  0 


where  u”  ♦  in  ip(Q)  end  in  W^CQ)#  1  <  p  <  • 


/  i*£ia 

d  a  n 

dt  q  2/q 

(/-' ) 


il()' 


u,<> 


7&  U1  “» K£  “n1""1  *  “»  \Ko  ‘  *  l  ‘“»)1 


_  q  2  q-1  q-1 

_  f  ^  _  f  W  f  Al  ^  _a_  1  {  . \l  f  /  _  l\.  5 


u  ) q 


^2  iw  «*  w  +  u  »•  <  hj  <q-i><  < ) ♦ « ♦ 


cr 

►  •>  ** ,  * 

.  *«  •  *  *  * 


*  o'. 


f.:^y 

,-v\v 

EvN*. 


*  v 


(1  +  11  +  in] 


(/  ^<t)q)  q 
a  n 


&<<■>. 

h»V%' 

NV-Sn: 


v  v 

*.  *1 


■.  w ..v- •  s-  v n* %•  %  v v* v* 


by  HSlder's  inequality  where 


I"(iU»(t>q)[il(q'1,Un<r2-6,<Un,)"nJ 

11  “  U  un  un^’(un)  *  (q  _  1)uf  Kj 

III  -  l-  «  /  A»‘(t))(/  uf  V) 


Let  us  now  estimate  them  separately. 
2* 


1*1/1/  »>>*) 
a  n 


3ll 
qi  q 


/ 

a 


(q  -  Du 


,q-2 


-  e 


<u*> 

n 


*•<«»> 


n  n. 


/i  i< 


q  2/q 
(t)  ) 


<  I- 


eq_2  e 

(q  -  1>u*  -  0Mu*> 


i  -  0'(u  )  2/q 

2— J - S-«  .  /  <u*)u*  /  U  u*  (t>) 

Mu*)  t  (Q)  a  n  Bt  a  n 


q  2/q 


i  /  q 

<  lf*"1(u*(t))lp.  (/  0Mu*)u*  )  /  U  u*  (t>J 


l  (0)  a 


for  0  <  a  <  t  <  t'  <  T*. 


I1!  / 
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q 


<(lf*“\u)lp  /  (/  u<t)q)2/q  ♦  «(e,n,s,f)Ji/  0Mu*)u*  J 

L  (8)  a  a  nt 

where  5(c,n,s,t')  ♦  0  as  e  ♦  0  and  n  ♦  •  due  to  Lena  6.2.  But  we  know  that 
u(x,T*)  “  0  for  every  x  !  ii  and  in  view  of  Leu  I',  we  have. 


If*"1<u(t))lp-  /  1/  U<t)q)2/q  <  -  t))]p/  C{T*  -  t)q"J 

x.  (0)  /  a 


C(T*  -  t)P/  (T*  -  t)9"2  <  C  . 


where  C  “  C(M,a,Q,q).  Bence, 


a tl  2 

|l|  /  (/  uj'lt)9)  q  <  <C  +  6(e,n,s,t')  /  0'<«l)u* 

/  Q  n  a  n  "t 


3*  (tor  IX,  similarly  as  In  2*, 


S+2  I  |l**_1(«®(t))lp.  /  (•*)«*  | 

llll  /  U  <<t,q)  q  <  ^ ^ ^ 


1/  <(t)q)  q 

a  “ 


/  |u*8*{a®)u®  |  <  / /  0' <»*>»*  /  /  »**t)20,(u'{t:)) 

a"  nnt  /a  BBt/an  n 


sti 

ful/  U  »*<t>q)  q 


<  C(M,m,q)lf*-,(ue(t))lP  /  0-<«>‘  /  (/  <(t)qJ 

n  L  (0)  0  B  nt  a  B 


,e,4.»<I|2Ar 


<  c(M,a,q) (c  ♦  4(e,m,s,t* ) )  /  0Mu*)u* 

a  "  "t 


where  C  “  C(M,m,q,a>  as  before. 


■Cv 


4*  For  III,  we  have 


I-- 


|III|  /  (J  uMt)  q  «  e(J  |iu*(t)|)l/  luf  u*  IJ  /  U  u*(t)qJ  q 

'  ft  Q  n  Q  n  Q  n 


*1/  KlOl) 

B 


/ /  !<2^)BMu; 


n(t))l  je'(Un)Unt 


q  ** 
-C  *  q 


u  «:  <t)j 


£C(M 


,*)  /  /  6'(ue)ue  /  |4uC(t)| 

/a  n  nt  Q  n 


V'q'1/2+2/q 

n 


(/  u:<t»qj 

a 


But  by  Lena  6. 1 


"  L 1  <Q)  t(H4€)/4  0  l\u> 


and  so. 


/ 

|lll| /  (/  u'(t)qJ  q  < 


CC(NfB|flrtt^  ) 


/ /  ri.>*a 

✓  a  "  "t 


(N+6)/4 


SCI 


<  <t*  -  f)  2  -  S(c ,n,a,t' ) ) 


for  every  t  e  [s,t'I  and  6(c,n,s,t')  ♦  0  as  e  ♦  0,  n  ♦  Integrating,  we  have  for 
s  <  t  <  t'. 


/  |Vu;<t>r  /  |VuNs)| 

a  "  a  n 


-7— r - TTTT--^— ; - 777T  <  2(C(M,B,q,a)  ♦  6<e.n,s,t* ))  /  /  BMuSu4 

U  u>)q)2/q  (/  u®(.)q)2/q  .a 


ec(M 


At  2 

,m,q,u0)  /  /  /  B'(u*)u* 

✓  s  a  t 


s±i 


g(N+6)/4({T.  _  t,  j  2  _  6(efn,s,t.)) 


furthermore  observing  that 


/  J  0'<u*)u*  “  /  /  \  Aun  “  f  /  (un  ’  e,tA(un  “  ° 

•  Q  nBt  a  8  nt  B  ■  Q  n  tn 


-i  St  /  K»-7i  K<*>i2-t  /  K(t» 


ni2 


<  i  i  !’%(•) I2  <3  /  l^ol 

*■  0  Q  0 


Bence, 


q  2/C| 

/  |Vu*(t)|2  /  (/  u*  (t)J  <  2(C(M,a,8,q)  +  «{e,n,a,t*))  /  |VuB|2 

a  “  a  n  a  0 


♦  /  Ki2/(/%<->,)2/q* 


cC(M,m,q,a,u0) 


/7k? 


all 

i("+6)/4((T*  -  t*>  2  -  «(c,n,a,t')> 


for  every  t  6  te,tM  etiere  0  <  a  <  t*  <  T*. 

6*  finally,  as  In  the  proof  of  0(e)  *  a^”’  case. 
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Integrating, 
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On  letting  e  ♦  0  and  n  *  • 

3=1  3=1  l  |?u0|2 
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(T*  -  s),_2 

Now,  let  t'  ♦  T*,  we  have. 


a=i 
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a  Q 
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for  every  t>e,  0  <  s  <  T*. 

lenma  III* :  I*t  u  be  the  solution  of  <*)  with  the  hypotheae  of  Theorw  3.6  being 
satisfied,  and  also  let 


W(x,T)  -  u(x,t)/<<»*  -  t)(q  -  2)  )q”  ,  t  -  T*(1  -  e~(«J~2)T) 
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1-2 
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(ii)  there  exists  (Tn)  such  that,  as  Tn  ♦  », 


lwq-2W_(T  )l 
T  n 


Lq_1(0) 


[Alternatively,  I - SliSL——  *^>1  q 

(q  -  2)T*«  "  Lq-t(0) 


0) 


Proof t 

1*  (i)  is  innediately  obvious  by  straight  forward  confutations.  To  prove  (ii),  let  (uc) 

n 

be  as  before,  we  define. 


-44- 


I-  <  C(M,«)lue(f*_1(ue))Pl  .  /  |B*  (ue(t)  )u*  (t >  |/(T*  -  t)r2 

1  "  n  l  <a>  a  n  "t 


C(M,»)luf(f«_1(ue))Pl  „  /  |4ue(t)|/(T*  -  t)9"2 

"  n  L  <a>  a  B 


Let  0  <  t,  <  t  <  t2  <  T* 


lu*(t)(f«-1(ue(t)))Pl  _  lu(t)(f*-1(u(t)))Pl 

"  "  L  <3)  L  <B) 

uniformly  on  (T1,t2]  due  to  Lemma  6.2,  together  with  Lemma  6.1,  we  have. 
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where  S(e,n,t1,t2)  *-0  as  e  *  0  and  n  ♦  *». 
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3*  In  the  same  way. 
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But  /  W(t)q  is  uniformly  bounded  by  say  C*  where  C'  -  C* (M,m,q,B,un,T*)  due  to 
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4*  By  iSlter'i  Inequality 
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1  '  n  i  '  n 


6*  To  estiamte  /  |Vwe(T.)|2,  we  note  that  by  Laaau  I',  it  ia  aufficient  to  eatimate 

a  n  1 

/  IVu'd,)!2 

i[^iv5i37r 
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The  only  thing  we  etill  have  to  show  ie  h  -  V<I~2VlT- 

8»  He  can  ehow  h  -  H«"2MT  in  exactly  the  •»  way  ae  in  the  case  of  the  plaa«a 

equation.  Every  step  of  the  proof  for  the  plasma  equation  can  be  carried  over  as  far  as 
T, 

/  /  |VhC(T)|2  is  bounded  uniformly  in  n  and  e.  This  in  turn  boils  down  to  showing 

T  0  11 

thi  boundedness  of  /  |Vw*<T)|2  for  T,  <  T  <  T2.  but  this  1.  true  a.  was  motioned  in 
ft 

6* .  Thus,  h  “  W^-2^* 

Finally,  let  u.  recall  that  lu(t)l  .  <  f*((T*  -  t»  where  T«  -  t  - 

L  (ft) 

(T*)e“*q"'2*T,  we  have 
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and  so 
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+(T*(q-2))P/  C(M,m,N,Q,u  )IS(u  )l  "  e'p(q~2>Tar 
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T. 


Observing  that  the  right  hand  side  is  uni  f only  bounded  with  respect  to  T2,  we  can  let 
Tj  ♦  •  to  obtain  the  desired  conclusion* 

Equipped  with  Lemmas  I*,  II'  and  III',  theorem  VI-3  is  now  immediate  as  in  the  case  of 
the  plasma  equation. 

Remark: 

(i)  We  have  assumed  the  initial  data  to  be  bounded.  However,  all  we  need  is  the 
initial  data  to  be  in  L^Q)  for  2  <  q  <  (2N  -  2)/(N  -  2),  N  >  2  due  to  regularizing 
effect • 

(ii)  The  decay  rate  of  lu(t)l  m  as  t  ♦  T*  is  still  unknown.  If  we  could 

L  (0) 

obtain  an  explicit  estimate  on  this  rate  rather  than  just  having  a  rough  estimate  provided 
by  the  modulus  of  continuity  r "  u  (which  the  author  suspects  is  not  sharp  in  this 
regard),  then  it  is  obvious  that  we  can  obtain  a  sharper  and  more  explicit  result. 
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